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��AKSUTNgKF)jMTlDN@BI`c'F�R5D�C)FBoKSXc'F�R5DwVEgKFBAKSuR/I`c'FiyBAh�rIxA`DNbKVEY`DNA
A
Y`DwZEF)c'S1jMS

IKJU@BAKd DN@)D�jMFBAKTNIKA`DNO�SWVhc'SUTlDNO�SXcxI�jMgKFBAKIl_aI1A`DNbKVEY`DNA
B
Y`D�ZEF)c'SrjMS IKJU@BAKd DN@)D

jMFBAKTNIKA`DNO�S�FByM_aSuR/IKO�DN@)DNO�SXc�mB�Gy)DGA`DNbKVEY`DNA`DGTNAKSUy)D�R5D�jMFBAKTNIKA`Du_aV
YKIKJ�FXR�c'IhL`IKFBY
yBAKFM_aSU@)DKm � SUZhD
A`DNbKVEY`DNA

A
IKJU@BAKd DN@)D
c'IhL`Il_�DNABR/V�FBgKSUA`DNkKIl_�D
V�jMSUZKVEYER/I6qKD�A`DNbKV)e

Y`DNA
B
jUDBc'F�R/SXjMSUTsc'IhL`IKFBY`D�FBgKSUA`DNkKIl_�D�V�jMSUZKVEYER/I6q�FXR/YKF)jMYKF�R5DW_aS�A`DNbKVEY`DNA

A
100

gKVETlDWyBAh�rI�FXRsA`DNbKVEY`DNA`D
B
m`��AKSUTNgKF)jMTlDN@BI`c'FrgKFBAKSuRsTNFBHMD�R5D�_aS
Y`Du_a@BSUd�TNIl_aI

gKAKFBHUA`DBc'SUA�Y`D�jM@BSUTNV�Y`DNgKI`jUDNF�gKAKFBHUA`DBc�JXD�jMFBAKTNIKA`DNO�S�Vhc'SUTlDNO�SXcsY`D�c-DNd�IKY`jMZEF)c
_aSUJUIKZKV�JXDrA`DNbKVEY`DNA

A
q/TlDNZEFWR5DWR/FByBIl_aSUYKIsgKAKFBHUA`DBczIKJU@BAKd DN@)D

2n2
IKY`jMTNAKVEZKkKIl_�D

gKAKI�jMFBAKTNIKA`DNO�VWYKIKJXD�R/V)�rIKYKS
n
PQFXR/YKF)jMYKF

c1 = 2
^umK?�R/AKVEHUS�jMTNA`DNYKSBqBgKAKFBHUA`DBc�JXD

jMFBAKTNIKA`DNO�S+FByM_aSuR/IKO�DN@)DNO�S©JXD�A`DNbKVEY`DNA
B
Y`DNgKI`jUDNF-_aS+F)jMAKSuR/O�I�gKAKFBHUA`DBc'SUA
Y`D�@BIhe

jMFBZEF)c�_aSUJUIKZKV5q)ZEFBAKI`jMTNSUoKI�YKSUSXp�IKZhDBjMYKI�gKAKSU@BFXR/IhL/DNk6qBTlDNZEF�R5D�R/FByBIl_aSUYKI�gKAKFBHUA`DBc
IKJU@BAKd DN@)D

50n logn
IKY`jMTNAKVEZKkKIl_�D�PQFXR/YKF)jMYKF

c2 = 50
^um+Ê�D1jMFBAKTNIKA`DNO�Ssc'IhL`IKFBY

yBAKFM_aSU@)D�A`DNbKVEY`DNAKV
A
gKFBTNAKSUyBYKF�_aS

2 · (106)2instrukcija

109instrukcija/sec
= 2000sec,

R/FBZ�_aS�A`DNbKVEY`DNAKV
B
gKFBTNAKSUyBYKF

50 · 106 log 106instrukcija

107instrukcija/sec
' 100sec.

¨�FBAKI`jMTNSUoKIsDlL`HUFBAKIKTlDBcibKIl_aS
@BAKSXc'S
IKJU@BAKd DN@)DNO�DWjMgKFBAKIl_aS
A`DBjMTNS
jUD
n
qKb`DNZ�I

jUD�L`FBd�Il_aI`c�gKAKSU@BFXR/IKFBkKSXc�q)A`DNbKVEY`DNA
B
_aS�yBAh�rI

20
gKVETlD
FXR�A`DNbKVEY`DNA`D

A
mK��AKSuR`e

Ñ



YKF)jMT�jMFBAKTNIKA`DNO�D�FByM_aSuR/IKO�DN@)DNO�SXc�gKF)jMTlDu_aS�_aFBd�JUY`DNb`Du_aYKIl_�D>ZhDtR5D�jMS+jMFBAKTNIKA`D�R/SXjMSUT
c'IhL`IKFBY`D�yBAKFM_aSU@)DK�6TlDtR5D _aS�JXD�jMFBAKTNIKA`DNO�S�FByM_aSuR/IKO�DN@)DNO�SXc}gKFBTNAKSUyBYKF

2.3
R5DNY`DKq

D jMFBAKTNIKA`DNO�S�FByM_aSuR/IKO�DN@)DNO�SXc�JXDN@BAKd DN@)D�jMS�gKF)juL`S�c-DNO�S�FXR
20 min

mh¦-FBgKd�TNSBq`jUD
gKFBA`DBjMTNF)cw@BSML`IKbKIKYKS�YKIKJXD A`DBjMTNS�gKAKSuR/YKF)jMTrjMFBAKTNIKA`DNO�DWFByM_aSuR/IKO�DN@)DNO�SXc�m

Ò Ó � 	����s	���ÔÈÕ���!"Õ>����ÔÈÕG!
Ö �`�8�h�8�'�h�����6���)�)�h���E�%_aS SXp�IKZhDBjUDNY�DlL`HUFBAKIKTlDBc�JXD�jMFBAKTNIKA`DNO�S c-DlL`FBH�yBAKFM_�D
SML`SXc'SUY`DNTlDKml~>L`HUFBAKIKTlDBc�A`DtR/I�Y`DGY`DNbKIKY�Y`DGZEFM_aI�@BSUoKIKY`D f VUR/I AKSU|hDGV�AKVEkKI�ZhDNAKTNSJXD�IKHUA`DNO�SBmlÊ�DNgKFBbKIKO�SXc'F�jUD>gKA`DNJUYKF)c�L`SU@BF)c�AKVEZEF)c�I�YKSUZEFNL`IKZEF>ZhDNA`DNTlD�Y`D�jMTNFNL`V5q
FBZKAKSUYKVETNIhC�L`IKkKSXc�Y`DrR/FNL`SBm6Ê�DNTNI`c�VEJUI`c-DBc'F
_aSuR/YKV�gKF�_aSuR/YKV�ZhDNAKTNVsjUD�jMTNFNL/D�I
Vhc'SUoKSXc'F�_aSGY`D�O�SUYKF c'SXjMTNF�V�L`SU@BFM_©AKVEkKI6q)ZhDNF�d�TNF�_aSGTNF�gKAKIKZhDNJXDNYKF
Y`D
juL`IKkKIs\Bm
¦�jM@)DNZEF)c�TNAKSUYKVETNZKV jMV�ZhDNAKTNS�V�L`SU@BFM_�AKVEkKI gKFBAKSU|hDNYKS+gKF�@BSML`IKbKIKYKI�P§jMFBAKTNIKA`DNYKSt^u�
gKAKI�TNF)c'S
jMV�TNFrZhDNAKTNS�ZEFM_aS
jMV�yBIhL`S�Y`DW@BA)ChVrHUF)c'IhL`S�ZhDNA`DNTlD�Y`DrjMTNFNL`V5m

× I`jNm6\B�/?+FBAKTNIKA`DNO�S�ZhDNA`DNTlD�gKAKI`c'SUYKF)czjMFBAKTNIKA`DNO�DWVhc'SUTlDNO�SXc
~>L`HUFBAKIKTlDBc±jMS�c'FN� S�FBgKI`jUDNTNIig`jMSUVUR/FBZEFXR/F)c�m8¦'L/DNJUYKIig`DNA`DBc'SUTNAKI�DlL`HUFBAKIKTle

c-DsjMV1YKIKJ
A
ZEFM_aI�TNAKSUy)DsjMFBAKTNIKA`DNTNI6q8I

n
ÌØR/V)�rIKY`D�YKIKJXD

A
m8¦'L/DNJUYKIwYKIKJ�jMS

�B�`�8�h�8�'�������E�N�h�©�hyBAKFM_aSU@BI�jMSGgKAKSXc'SUd�TlDu_aVrVWFBZK@BIKAKV YKIKJXD
A
q)gKAKI�bKSXc'V�jMSGY`Dle

_a@BIKd�S+ZEFBY`jMTlDNYKTlDNY�yBAKFM_6O�IhC�JXDNgKI`jMVX_aS+@)DNY
YKIKJXD>V�jM@)DNZEF)c�TNAKSUYKVETNZKV5ml¦iTNAKSUYKVETNZKV
JXDN@BAKd�SUTNZhD DlL`HUFBAKIKTBc-D YKIKJ

A
jUDtR/Ah�rI�jMFBAKTNIKA`DNYKI�IKJML/DNJUYKI�YKIKJBm

SortiranjeUmetanjem(A, n)\
for j ← 2 to n doÆ

t← A[j]Ñ
{
Vhc'SUTNYKVETNI

A[j]
V�jMFBAKTNIKA`DNYKI�YKIKJ

A[1..j − 1]}Ù
i← j − 1Ú
while i > 0 and A[i] > t doÛ

A[i + 1]← A[i]Ü
i← i− 1Ý

A[i + 1]← t

Ù
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é Ã�ã6¾6º'è�ã6Ã

� D�juL`IKkKI Æ m���AKIKZhDNJXDNYKF _aS�ZhDNZEF�DlL`HUFBAKIKTlDBc%A`DtR/I�JXD�YKIKJ
A = (5, 2, 4, 6, 1, 3)

m
� YER/SUZhj j

_aS©IKYER/SUZhj+êNTNSUZKVEoKS©ZhDNAKTNSXêKqUZhDNAKTNS©ZEFM_�D�jMS©TNAKSUYKVETNYKFGVhc'SUoKS©VGL`SU@BV�AKVEZKV5m
� D�gKFBbKSUTNZKV�jM@)DNZEFBHrgKAKFNL/DBjMZhD�ZKAKFBJ�êBjMgKF f DNd�O�Vhê

for
gKSUT f V5q'ZEFM_aFM_
FXR/HUFB@)DNA`DIKYER/SUZhj

j
q+gKFXR/YKIKJ

A[1..j − 1]
FXR/HUFB@)DNA`D1ZhDNAKTlDBc-D�ZEFM_aSsjMSsTNAKSUYKVETNYKFiY`DlL/DNJUS�V

L`SU@BFM_�AKVEkKI6q-D�SML`SXc'SUYKTNI
A[j + 1..n]

FXR/HUFB@)DNA`Du_aV1ZhDNAKTlDBc-DsZEFM_aS�jMS _aFBdëY`DlL/DNJUS
Y`D�jMTNFNL`V5m6��AKSUkKIKJUYKIl_aSBq6SML`SXc'SUYKTNI

A[1..j − 1]
jMVsV)jMTN@)DNAKI1SML`SXc'SUYKTNI�ZEFM_aI�jMV�jMS

Y`D1gKFBbKSUTNZKVwY`DlL/DNJUIhL`IzY`D1gKFBJUIKkKIl_�DBc-D1FXR
1
R/F

j − 1
q©DlL`I�jMVijUDtR5D1gKFBAKSU|hDNYKI

gKFr@BSML`IKbKIKYKI6m/Ê�DWTNV�F)jMFByBIKYKV�gKFXR/YKIKJXD
A[1..j − 1]

ZhDl� SXc'F R5D�_aS��8£8­5�h�8�hÎX�h£8�)�
�'�)�Nì��/m
� DsgKFBbKSUTNZKVwjM@)DNZEFBH�gKAKFNL/DBjMZhDsZKAKFBJ

for
gKSUT f V�V�L`IKYKIl_�DBc-D 1 − 8

gKFXR/YKIKJ
A[1..j−1]

jUDBjMTNFM_aIWjMS�FXRWSML`SXc'SUY`DNTlD�ZEFM_aI jMV
Y`DGgKFBbKSUTNZKV
yBIhL`I V
gKFXR/YKIKJUV
A[1..j−

1]
qKDlL`I�V�YKSUFBg`DtR5Du_aVEoKSXcwgKFBAKSUTNZKV5m

Figure 2:
× SUJUVXL`TlDNT1gKAKI`c'SUYKSsDlL`HUFBAKIKTBc-Di?+FBAKTNIKA`DNO�SU¦�c'SUTlDNO�SXcíY`D1YKIKJ

A =
(5, 2, 4, 6, 1, 3)

mKîðïËñlòuîðóðñ � TNSUA`DNkKIl_aS for
gKSUT f S�IKJ+L`IKYKIl_�D 1−8

mX¦�jM@)DNZEFM_�IKTNSUA`DNkKIhe
_aI�kKAKYKI�ZK@)DtR/A`DNT�jUDtR/Ah�rIryBAKFM_©VEJUSUT
IKJ

A[j]
qEZEFM_aI�jMSGVEgKFBAKSU|EVX_aSGjUD�@BAKSuR/YKF)jMTNI`c-D

IKJ
jMIK@BIhC�ZK@)DtR/A`DNTlD�L`SU@BFrFXRsjMSUyBS�V�L`IKYKIl_aI
5
m5?+IK@BS
jMTNAKSML`IKkKS
gKFBZhDNJUVX_aV�yBAKFM_aSU@BS

ZEFM_aIWjMV�gKF)c'SUAKSUYKIWJXD+_aSuR/YKF�c'SXjMTNF�VUR/SXjMYKF�V�L`IKYKIl_aI
6
qND�kKAKY`D�jMTNAKSML`IKk`D�gKFBZhDNJUVX_aS

HÍR/S�_aS�yBAKFM_�gKAKSUgKI`jUDNY�VrL`IKYKIl_aI
8
m
(f)
?+FBAKTNIKA`DNYKI�YKIKJ�Y`DWZKA`Du_aV5m

� YK@)DNAKIl_�DNYKTlD�gKSUT f S�Y`DBcwgKF)c-Dl� S�R5DWjuCh@)DNTNI`c'F JXDNd�TNFG_aS�DlL`HUFBAKIKTlDBcwZEFBAKSUZheTlDNY6mh¦¿@BSUJUI�jUD IKYK@)DNAKIl_�DNYKTNF)cigKSUT f S�TNAKSUy)D
R5D�R/FBZhDl� SXc'F TNAKI�jMTN@)DNAKI6�
¢ £8�8¥8�hÎX�E�'�8�)�h¥8�hÎX��¡8«�@BAE|ESUO�S�_aS�TlDNbKYKFWgKAKS�gKAK@BFBH�gKAKFNL/DBjMZhD ZKAKFBJ�gKSUT f V5m
ô Ï-�8õ��h­5�h���/¡)~�ZEF'_aS+TN@BAE|ESUO�S©TlDNbKYKF>gKAKS©gKAKFNL/DBjMZhD�ZKAKFBJ©gKSUT f V5qXFBYER5D8_aS+TlDNbKYKFI�gKAKS�Y`DNAKSuR/YKFBH�gKAKFNL/DBjMZhD�ZKAKFBJ�gKSUT f V5m
ö �h­/�8¬��)�)�hª�¡6��FWJXDN@BAKd�SUTNZKV�gKSUT f S�TlDNbKYKF)jMT IKYK@)DNAKIl_�DNYKTNS�gKSUT f S�I`c-DWJXD gKF)jueL`SuR/IKkKV�TN@BAE|ESUO�S�IKJ�ZEFBHMDWjuL`SuR/I�R5D�_aS
DlL`HUFBAKIKTlDBcwZEFBAKSUZKTlDNY6m

Ú



¨�DtRxjMVwgKAK@)D�R/@)D1TN@BAE|ESUO�D1TlDNbKY`D�FBYER5D�_aS�IKYK@)DNAKIl_�DNYKTlD�gKSUT f S�TlDNbKY`D1gKAKSjM@)DNZEFBH gKAKFNL/DBjMZhD�ZKAKFBJWgKSUT f V5q�Y`D�F)jMYKFB@BV�gKAKIKYKkKIKg`Dsc-DNTNSXc-DNTNIKbKZESrIKYER/VEZKkKIl_aSBm«�AKSUoKS�TN@BAE|ESUO�SW_aSsZEFBY`DNb`DNYiR/FBZhDNJ�ZEFBAKSUZKTNYKF)jMTNIxDlL`HUFBAKIKTBc-DKm���FBHËL`SuR5Du_�c'F�FB@BS
TNAKI�F)jMFByBIKYKS�V�juL`VEb`Du_aV�jMFBAKTNIKA`DNO�DWVhc'SUTlDNO�SXc�m
¢ £8�8¥8�hÎX�E�'�8�)�h¥8�hÎX��¡ � D�gKFBbKSUTNZKV�TNAKSUy)D�gKFBZhDNJXDNTNI�R5D _aS�TN@BAE|ESUO�SrTlDNbKYKF�gKAKS

gKAK@BFBH�gKAKFNL/DBjMZhD�ZKAKFBJ�gKSUT f V5q8ZhDtR�_aS j = 2
m8«�DtR5D�jMS�gKFXR/YKIKJ

A[1..j − 1]jUDBjMTNFM_aI%jUDBc'FiFXR%SML`SXc'SUYKTlD
A[1]

q�ZEFM_aI�_aS�V)jMTN@)DNAKIxgKAK@BFByBIKTNYKIxSML`SXc'SUY`DNT
A[1]

m-��FBAKSuRiTNFBHMDKq8gKFXR/YKIKJ
_aS�PQTNAKIK@BIl_�DlL`YKFE^
VEAKSU|ESUYwYKSUFBg`DtR5Du_aVEoKSBm'��AKSXc-D
TNF)c'SBqKIKYK@)DNAKIl_�DNYKTlD gKSUT f S�_aS�TlDNbKY`DWgKAKS�gKAK@BFBH�gKAKFNL/DBjMZhD�ZKAKFBJ�gKSUT f V5m

ô Ï-�8õ��h­5�h���/¡/?�DtR5DGTNAKSUy)D�R/FBZhDNJXDNTNI�R5D�jM@)DNZKI�Y`DNAKSuR/YKI gKAKFNL/DNJXDNZ�ZKAKFBJ�gKSUT f VJXDtR/Ah�WDN@)D�TlDNbKYKF)jMT�IKYK@)DNAKIl_�DNYKTNSrgKSUT f SBm'Ê�DNI`jMTlDKq�V�TNSML`V1jMgKF f DNd�O�S
forgKSUT f S�SML`SXc'SUYKTNI A[j − 1]

q
A[j − 2]

q
A[j − 3]

q�mMmUm�gKAKSXc'SUd�TlDu_aV�jMS
gKF�_aSuR/YKF
c'SXjMTNF�VUR/SXjMYKF`q'jM@BSWR/FBZwjMS�YKS�Y`DN|ES�gKA`DN@BF�c'SXjMTNF�JXD

A[j]
PÇL`IKYKIl_aS

4 − 7
^um

«�DtR5DrjMS�@BAKSuR/YKF)jMT
A[j]

ZEFBgKIKA`D Y`D TNF�c'SXjMTNFsPÇL`IKYKIl_�D
8
^um

ö �h­/�8¬��)�)�hª�¡ � jMgKIKTlDu_�c'Fsd�TlDsjMSWR/SUd DN@)D�gKFsJXDN@BAKd�SUTNZKV1gKSUT f SBm©?+gKF f DNd�O�DgKSUT f DrjMS�JXDN@BAKd DN@)D�ZhDtR j
gKF)jMTlDNYKS�@BSUoKS�FXR

n
qhTu_Mm`ZhDtRW_aS

j = n + 1
m`Ê�DBc'SMe

O�VX_aVEoKI
j
jUD

n + 1
V�IKYK@)DNAKIl_�DNYKTNI�gKSUT f SBqhR/FByBIl_�DBc'F R5DrjMS
gKFXR/YKIKJ A[1..n]jUDBjMTNFM_aI�FXRsSML`SXc'SUY`DNTlDWZEFM_aI�jMV�V�gKFBbKSUTNZKV�yBIhL`I�V

A[1..n]
q`DlL`I�V�YKSUFBg`DtR5Dle

_aVEoKSXc°gKFBAKSUTNZKV5m�É�SU|EVETNI`c�q>gKFXR/YKIKJ
A[1..n]

_aS�V)jMTN@)DNAKIxkKSUFzYKIKJB÷���AKSXc-D
TNF)c'SBqKkKSUFrYKIKJ�_aS
jMFBAKTNIKA`DNY6qKd�TNFrJUY`DNbKI�R5DG_aS
DlL`HUFBAKIKTlDBcwZEFBAKSUZKTlDNY6m

Þ�´ø³ ù}»5ã é å�½©¹�½�å
Ê�D�jMgKSUkKI`p�IKkKIKA`DNO�S+DlL`HUFBAKIKTBc-D�I`jMZEFBAKI`jMTNIhL`I
jUc'F�jMgKSUkKIl_�DlL`YKI�YKSXp�FBA`c-DlL`YKI�_aSUJUIKZ6q
�'�B�)�)Ï©�`ª6�BÏ>m � DN@BFXR/I`c'F YKSUZhD FXR�gKA`DN@BIhL/D�FB@BFBH�_aSUJUIKZhDKm
\Bm�¦G@NL/DNbKSUO�S�AKSuR/FB@)D�FXR/HUFB@)DNA`D>yNL`FBZEFB@)jMZEFM_6jMTNAKVEZKTNVEAKI6m � DGgKAKI`c'SUA6q

for
gKSUTle

f DsZEFM_�D�gKFBbKIKO�S�FXRwL`IKYKIl_aS 1
q8jUDBjMTNFM_aIwjMS�FXRwL`IKYKIl_�D

2 − 8
��TNSML`F

whilegKSUT f S�ZEFM_�D�gKFBbKIKO�S�VWL`IKYKIl_aI 5
jUDtR/Ah�rI�L`IKYKIl_aS

6− 7
qhDlL`I�YKS�I�L`IKYKIl_aV

8
m

¦G@ f DNbKSUO�S�L`IKYKIl_�D�gKAKI`c'SUO�VX_aS�jMS�Y`D�VBFByBIKb`Du_aSUYKI�Y`DNbKIKY I Y`D
if − then −

else
Y`DNAKSuR/yBSBm/?+@BA)CED�VE@NL/DNbKSUO�D AKSuR/FB@)D�_aS�gKFB@BSUo`DNO�S�_�DBjMYKFBoKS�ZEFXR5DKm

Æ m>��SUT f S
while

I
for

q©ZhDNF�I�V)juL`FB@BYKS�Y`DNAKSuR/yBS
if
q

then
q
else

I`c-Du_aV
JUY`DNbKSUO�S�juL`IKbKYKF�ZhDNFsV���DBjMZhDlL`V5m � JUVEJUSUTlDNZ�_aS�R5DsV for

gKSUT f IiyBAKFM_�DNbheZhD�gKAKF)c'SUY f IK@)D�gKF)juL`S�gKAKFNL/DBjMZhD�ZKAKFBJ gKSUT f VsJXDtR/Ah�WDN@)D�jM@BFM_aV�@BAKSuR/YKF)jMTKm«�DNZEF`qhZhDtRsjMS
for

gKSUT f D IKJ�L`IKYKIl_aS 1
P
for j ← 2 to n do

^+JXDN@BAKd�I6qEyBIKoKS
j = n + 1

m
Ñ m>«6SUZhjMTrV�@BIKTNIKb`DBjMTNI`ciJXDNHUA`DtR5DBc-D�_aS�ZEF)c'SUYKTlDNA6m
Ù m>ú�L/DNY�YKIKJXDWFBJUY`DNb`DN@)DWjMS�R/FXR5DN@)DNO�SXciIKYER/SUZhjUDWV�VEHËL/DBjMTNI`czJXDNHUA`DtR5DBc-DKm � D
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IKJU@BAKd DN@)DNO�SBqUI�TNF�Y`Du_abKSXjMoKS�@BAKSXc'SUY`DKqXFXR/YKF)jMYKF�c'SXc'FBAKIl_�jMZEFBH+gKAKF)jMTNFBA`DKmt¦-FBgKd�TNSBq
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DlL`HUFBAKIKTlDBc-D�Ì�ZhDNYER/IER5DNTlD�JXD�AKSUd DN@)DNO�S�R5DNTNFBH>gKAKFByNe
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SortiranjeUmetanjem(A, n)
kKSUY`D yBAKFM_�gKFBY`DN@ f DNO�D\

for j ← 2 to n do c1 nÆ
t← A[j] c2 n− 1

Ñ
{
Vhc'SUTNYKVETNI

A[j]
V�jMFBAKTNIKA`DNYKI�YKIKJ

A[1..j − 1]} 0 n− 1

Ù
i← j − 1 c4 n− 1Ú
while i > 0 and A[i] > t do c5

∑n

j=2
tjÛ

A[i + 1]← A[i] c6

∑n
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(tj − 1)Ü

i← i− 1 c7

∑n
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(tj − 1)Ý
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gKAKIhL`IKZEF)c�TNA`Dl� SUO�D�ZEFBYKZKAKSUTNYKFBH-gKFXR5DNTNZhD�VGy)DNJUI�gKFXR5DNTlDNZhDKquY`Du_aHUFBAKI�juL`VEb`Du_
_aS�ZhDtRzTNFBH�gKFXR5DNTNZhDsYKSXc-D�V�y)DNJUI6m8¦ YKSUZKI`c¿gKAKI`c'SUY`DBc-D�gKAKSUTNA`Dl�rIK@)DNO�D
y)DNJXD�gKFXR5DNTlDNZhD�TNA`Dl� SUO�S�FXR5jMVETNYKFBH�gKFXR5DNTNZhD c'FN� S�R5D yBVUR/S�bKSXjMTrjuL`VEb`Du_Mm

•
êB��AKF)jMSUb`DNY�juL`VEb`Du_�ê�_aS�bKSXjMTNFWI`jMTNFWTNFNL`IKZEF L`FBdçZEFNL`IKZEF I�Y`Du_aHUFBAKI�juL`VEb`Du_Mm
��AKSUTNgKF)jMTlDN@BI`c'F�R5D>Y`D�juL`VEb`Du_�DNY�Y`DNbKIKY
IKJXDNyBSUAKSXc'F

n
yBAKFM_aSU@)D�I�gKAKI`c'SUYKI`c'F

Y`DWO�IhC�jMFBAKTNIKA`DNO�S
Vhc'SUTlDNO�SXc�m/¨�FNL`IKZEFWTNAKSUy)DW@BAKSXc'SUY`D�R5DrjMS�FXR/AKSuR/I�HÍR/S
_aS�V�gKFXR/YKIKJUV

A[1..j − 1]
c'SXjMTNF1JXD�Vhc'SUTlDNO�S�SML`SXc'SUYKTlD

A[j]
Ä�¦ gKAKF)jMSUZKV

_aSWgKFNL/D�SML`SXc'SUY`DNTlD
A[1..j − 1]

c-DNO�SrFXR
A[j]

q6D�gKFNL/D�_aSW@BSUoKS FXR�O�SUHMDKm�¦
gKAKF)jMSUZKV�TNAKSUy)D�gKAKFB@BSUAKIKTNI�gKFNL/D�bhL/DNYKFB@)D
YKIKJXD

A[1..j − 1]
qhg`D�_aS

tj = j/2
m

~�ZEFrFB@BV�DNY`DlL`IKJUV�gKAKF)jMSUbKYKFBH
juL`VEb`Du_�DWjMgKAKFB@BSuR/SXc'F�R/FrZKA`Du_�DKqER/FByBIl_�DBc'F�R5D
_aS
gKAKF)jMSUbKYKFr@BAKSXc'S
IKJU@BAKd DN@)DNO�D TlDNZEFl|ES�ZK@)DtR/A`DNTNY`Drp�VEYKZKIl_�DWFXR

n
qKZhDNFrI

V�Y`Du_aHUFBAKSXcijuL`VEb`Du_aV5m

��´øÞ 0�Â�æ6¸G¼Gº±ÂGº-»5¾6º
��AKIhL`IKZEF)cwDNY`DlL`IKJUS�jMFBAKTNIKA`DNO�D�Vhc'SUTlDNO�SXcwZEFBAKI`jMTNIhL`I�jUc'F YKSUZhD�VEgKAKFBd�o`DN@)DNO�D
JXDBjMYKFB@)DNY`DwY`DzVBFBgKd�TlDN@)DNO�V5m � Du_agKAKSBq>JXDNYKSXc-DNAKIK@)DlL`I"jUc'F�jMTN@)DNAKYKS�kKSUYKS�gKFM_aSMe
R/IKYKIhC�IKY`jMTNAKVEZKkKIl_�DKq�ZEFBAKIKd�oKSUO�SXcíZEFBY`jMTlDNYKTNI

ci

JXD�gKAKSuR5jMTlDN@ f DNO�SsO�IhC)FB@BIhCkKSUY`DKm6Ê�DNTNI`cxjUc'F�JXDNg`DNJUIhL`I�R5D�Y`DBc�TNSWZEFBY`jMTlDNYKTNS�gKAKV)�WDu_aV�@BIKd�S
R/SUTlD f D�YKSUHUFd�TNF�Y`DBc�_aSWgKFBTNAKSUyBYKF`�5@BAKSXc'SWIKJU@BAKd DN@)DNO�D�_aS
an2 + bn + c

JXD�YKSUZES ZEFBY`jMTlDNYKTNS
a
q
b
I

c
ZEFM_aS�JXDN@BI`jMSGFXR�kKSUY`D�IKY`jMTNAKVEZKkKIl_�D

ci

mK��AKSXc-D�TNF)c'SBqKc'I�jUc'F IKHUYKFBAKI`jUDlL`I
YKS�jUDBc'FrjMTN@)DNAKYKS�kKSUYKS�IKY`jMTNAKVEZKkKIl_�DKq`YKSUHUFWI�DNg`jMTNA`DNZKTNYKS�kKSUYKS

ci

m
?�DtR5D
oKSXc'F VEbKIKYKIKTNI�juL`SuR/SUoKSGVEgKAKFBd�oKSUO�S�JXDBjMYKFB@)DNYKF�Y`D�VBFBgKd�TlDN@)DNO�V5m × DtR/I

jMS�F�TNF)c'S�R5DWY`DBj�JXDNYKI`c-DrjUDBc'F��`�8�B�8£8�%�'�K�N�)��FXR/YKF)jMYKFr�'�`�'�NÏ©�hªx�'�K�N�)�s@BAKSMe
c'SUY`D�IKJU@BAKd DN@)DNO�DKm6Ê5yBFBH TNFBHMD�c'I�A`DNJXc-DNTNA`DBc'F�jUDBc'F�@BFXR/SUoKI�bhL/DNY�PQYKgKA6m

an2
^uq

_aSUArbhL/DNYKFB@BIWYKIh� SUH>AKSuR5D�gKF)jMTlDu_aV�JXDNYKSXc-DNA f IK@BIWJXD�@BSML`IKZES>@BAKSuR/YKF)jMTNI n
m)��AKSXc-D

TNF)c'SBqhc'I�ZhDl� SXc'F�R5DKqEY`D
gKAKI`c'SUA6qKjMFBAKTNIKA`DNO�S�Vhc'SUTlDNO�SXc�I`c-D�@BAKSXc'SGIKJU@BAKd DN@)Dle
O�D

Θ(n2)
VWY`Du_aHUFBAKSXc�juL`VEb`Du_aV5mK�G@BV FBJUY`DNZKV ZEFBAKI`jMTNIKoKSXc'F�YKSXp�FBA`c-DlL`YKF`qBI`DNZEF>_aS

L/DNZEF�R/SXp�IKYKI`jUDNTNI�_aS�I�gKAKSUkKIKJUYKF`mK�GyBIKbKYKF�jUc-DNTNA`DBc'F�_aSuR5DNY�DlL`HUFBAKIKTlDBc1SXp�IKZhDBjue
YKIl_aI`c�FXR
R/AKVEHUFBH�DNZEF�O�SUHUFB@BF�@BAKSXc'S�IKJU@BAKd DN@)DNO�D�I`c-DGc-DNO�V�yBAKJUIKYKV�A`DBjMTlDKmlÊ5yBFBZ
ZEFBY`jMTlDNYKTNYKIhC
p�DNZKTNFBA`D>I�JXDNYKSXc-DNAKSUYKIhC�bhL/DNYKFB@)D>YKIh� SUH+AKSuR5DKqXFB@)D>gKAKFBkKSUY`DGc'FN� S
yBIKTNI�gKFBHUAKSUd�Y`DWJXDWc-DlL`S

n
m`É�SU|EVETNI`c�q`JXD�R/FB@BF f YKFW@BSML`IKZES�VXL/DNJUS
jMS�Y`DWgKAKI`c'SUA

Θ(n)
DlL`HUFBAKIKTlDBcwIKJU@BAKd DN@)D�yBAh� S�FXR

Θ(n2)
DlL`HUFBAKIKTBc-DKm

\�1
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��F)jMTNFM_aI @BIKd�S>TNSMChYKIKZhD�JXD�ZEFBY`jMTNAKVEZKkKIl_aV DlL`HUFBAKIKTlDBc-DKmN¨�FXR�jMFBAKTNIKA`DNO�D�Vhc'SUTlDNYhe
_aSXc�ZEFBAKIKd�oKSUY>_aS��8£8ª8�'�E���)£8�)�E�'£8��gKAKI`jMTNVEg6�lgKFNL/DNJUSUoKI�FXRWjMFBAKTNIKA`DNYKFBH+gKFXR/YKIKJXD
A[1..j−1]

qBc'I�Vhc'SUoKSXc'F
Y`DNAKSuR/YKIrSML`SXc'SUY`DNT
A[j]

Y`D�FXR/HUFB@)DNA`Du_aVEoKS�c'SXjMTNF`q)IrTlDNZEF
R/FNL/DNJUI`c'F�R/FrjMFBAKTNIKA`DNYKFBH�gKFXR/YKIKJXD

A[1..j]
m

?�DtR5DioKSXc'FzA`DNJXc'FBTNAKIKTNI%R/AKVEHUI%gKAKI`jMTNVEg}ZEFBY`jMTNAKVEZKkKIl_aI¿DlL`HUFBAKIKTlDBc-DKq�JXDBjue
YKFB@)DNYiY`D�A`DNJML/DNHMDNO�V�VXL/DNJUYKIhCigKFXR5DNTlDNZhDiPQSUYKHËL`SXjMZKI

divide-and-conquer).
¨�FNe

AKI`jMTNSUoKI�FB@)Du_GgKAKI`jMTNVEg6q5R/FNL/DNJUI�jMS�R/F�DlL`HUFBAKIKTBc-D�JXD�jMFBAKTNIKA`DNO�SrbKIl_aS�_aSW@BAKSXc'S
IKJU@BAKd DN@)DNO�Dsc'YKFBHUF�c-DNO�S�YKSUHUF1JXD1jMFBAKTNIKA`DNO�S�Vhc'SUTlDNO�SXc�m©~>L`HUFBAKIKTBc'IzJXDBjMYKFNe
@)DNYKI�Y`D�FB@BF)cígKAKI`jMTNVEgKV�I`c-Du_aV�gKAKSuR/YKF)jMT�R5DwjMSsO�IhC)FB@BFw@BAKSXc'SsIKJU@BAKd DN@)DNO�D
L/DNZEF FXR/AKSU|EVX_aS�V�@BSUF)c-D�FBgKd�TNSXczjuL`VEb`Du_aV5m
É�YKFBHUIrZEFBAKI`jMYKI�DlL`HUFBAKIKTBc'I�I`c-Du_aVW�'�)ª8���8�B�8­/£8�1jMTNAKVEZKTNVEAKV5�NR5D�yBIrAKSUd�IhL`I

R5DNTNIsgKAKFByNL`SXc�q`FBYKIsgKFBJUIK@)Du_aV�jMSUyBS�R5D�yBI�FByBA`DtR/IhL`I�yNL`I`jMZEF�gKFB@BSUJXDNYKS�gKFBTNgKAKFByNe
L`SXc'SBm)«�DNZK@BI�DlL`HUFBAKIKTBc'IrbKSXjMTNF�ZEFBAKI`jMTNS�gKAKI`jMTNVEgrJXDBjMYKFB@)DNY Y`D��'�h�N�-�h�t�h���©�EFBYKI
A`DNJUyBIl_�Du_aV�gKAKFByNL`SXc�Y`D�YKSUZEFNL`IKZEF�juL`IKbKYKIhC�q5DlL`I�c-DNO�IhC�gKFBTNgKAKFByNL`SXc-DKq/AKSUd DN@)Dle
_aV�IhCsAKSUZKVEAKJUIK@BYKF`q/D�FBYER5D�ZEF)c'yBIKYKVX_aV�FB@)DrAKSUd�SUO�DWR5D�yBI�p�FBA`c'IKA`DlL`IsAKSUd�SUO�S
gKFNL/DNJUYKFBH�gKAKFByNL`SXc-DKm
��AKI`jMTNVEg�JXDBjMYKFB@)DNY�Y`D�A`DNJML/DNHMDNO�VsVEZ f VEbKVX_aS�TNAKI�ZEFBA`DNZhD�Y`D�jM@)DNZEF)cxYKIK@BFBVAKSUZKVEAKJUIl_aSB�

7 �h�N�-�h�t�h����gKAKFByNL`SXc-D Y`D YKSUZEFNL`IKZEFrc-DNO�IhC�gKFBTNgKAKFByNL`SXc-DKm
× SUZKVEAKJUIK@BYKFw�'�)¬��h­5�h���}�'�`�h�8�'�/�K�-�E����m�¦ëjuL`VEb`Du_aV�ZhDtRi_aS�@BSML`IKbKIKY`DwgKFBTle

gKAKFByNL`SXc-D�R/FB@BF f YKF�c-DlL/DKq6gKFBTNgKAKFByNL`SXc}jMSWAKSUd DN@)D�R/IKAKSUZKTNYKF`q6Tu_Mm�IKJML/DNJUIjMS�IKJ�AKSUZKVEAKJUIl_aSBm
8 �/���`�8£'�`­5�h���wAKSUd�SUO�D�gKFBTNgKAKFByNL`SXc-D�R5D�yBIxjMS�R/FByBIhL`F�AKSUd�SUO�SsgKFNL/DNJUYKFBH

gKAKFByNL`SXc-DKm
~>L`HUFBAKIKTlDBc��B�`�8�h�8�'�h�����/�tÎX�NÏ-�8���h­5�h���E��R/IKAKSUZKTNYKF�AKSXDlL`IKJUVX_aS-FB@BV�TNSMChYKIKZKV5m

� YKTNVEIKTNIK@BYKF`qhFBY�jMS�IKJU@BAKd DN@)D�Y`DWjuL`SuR/SUoKI�Y`DNbKIKY6m
7 �h�N�-�h�t�h���/¡ � IKJ�R/V)�rIKYKS

n
ZEFM_aI�TNAKSUy)D�jMFBAKTNIKA`DNTNIsR/SML`I1jMS�Y`DrR/@)D�gKFXR/YKIKJXD

R/V)�rIKYKS�gKF
n/2

m
7 �)¬��h­5�h���í�'�`�h�8�'�/�K�-�E����¡ v @)D�gKFXR/YKIKJXD�jMSwAKSUZKVEAKJUIK@BYKF�jMFBAKTNIKA`Du_aV}gKAKIhe

c'SUYKF)ciI`jMTNFBH
DlL`HUFBAKIKTBc-DKm
8 �/���`�8£'�`­5�h���/¡ v @)D�R/FByBIl_aSUY`DrjMFBAKTNIKA`DNY`DrgKFXR/YKIKJXDrjMS
FByM_aSuR/IKO�DN@)Du_aV5qKI�TlDNZEF

jMS�R/FByBIl_�DWjMFBAKTNIKA`DNYKI�gKFNL/DNJUYKI�YKIKJBm

� J-AKSUZKVEAKJUIl_aS+jMS-IKJML/DNJUI�ZhDtR
gKFXR/YKIKJUFB@BI�ZEFM_aS©TNAKSUy)D>jMFBAKTNIKA`DNTNI�I`c-Du_aV�R/V)�rIKYKV
1
�hTlDNZK@BI�YKIKJUFB@BI�jMV�@BSUo�jMFBAKTNIKA`DNYKI6m
¨ f VEbKY`D>FBgKSUA`DNkKIl_�D�V�FB@BF)c�DlL`HUFBAKIKTBc'V©_aS©FByM_aSuR/IKO�DN@)DNO�S8R/@)D>jMFBAKTNIKA`DNY`D�YKIKJXDV�ZEFBA`DNZKV�êNZEF)c'yBIKYKFB@)DNO�SXêKm v D�yBI`jUc'F�IKJU@BAKd�IhL`IWFByM_aSuR/IKO�DN@)DNO�SBqNZEFBAKI`jMTNI`c'F�gKFNe

c'FBoKYKV�gKAKFBkKSuR/VEAKV
OBJEDINJAV ANJE(A, p, q, r)

qNHÍR/S�_aS
A
YKIKJBqND

p
q
q
I

r
jMV

\B\



IKYER/SUZhjMI�bhL/DNYKFB@)D�YKIKJXD
A
qETlDNZK@BI R5D�_aS

p ≤ q < r
mE��AKFBkKSuR/VEA`D�gKAKSUTNgKF)jMTlDN@ f D�R5DjMVWgKFXR/YKIKJUFB@BI

A[p..q]
I

A[q + 1..r]
@BSUo�jMFBAKTNIKA`DNYKI6mh��AKFBkKSuR/VEA`D
IhC��/�tÎX�NÏ-�8���BÎX�

V�_aSuR5DNY�jMFBAKTNIKA`DNYKI�gKFXR/YKIKJBqhZEFM_aI�JXDBc'SUO�VX_aS
TNSUZKVEoKI�gKFXR/YKIKJ
A[p..r]

m
��AKFBkKSuR/VEA`Ds��n�® ² v �:9 ~GÐ�~ 9¿² IKJU@BAKd DN@)D�jMSrJXD�@BAKSXc'S Θ(n)

q6HÍR/S�_aS
n =

r − p + 1
yBAKFM_ SML`SXc'SUY`DNTlD1ZEFM_aI�jMS�FByM_aSuR/IKO�DN@)Du_aV5q8I�A`DtR/IzY`D�juL`SuR/SUoKIzY`DNbKIKY6m

Ð�A`DNo`Du_aVEoKI jMS�Y`D�c'FBTNIK@�jUDGZhDNAKTlDBc-DKqtgKAKSUTNgKF)jMTlDN@BI`c'F�R5D�jMV�Y`D�jMTNFNL`V�R/@BS�HUF)c'IhL`S
ZhDNA`DNTlD�L`IKkKSXcsFBZKAKSUYKVETNI`c�Y`DN@BIKd�SBmN�GyBS©HUF)c'IhL`S�jMV
jMFBAKTNIKA`DNYKSBqXTlDNZEF>R5D-_aS�Y`Du_�c-Dle
O�D�ZhDNAKTlD
Y`D�@BA)ChV5m � DNd±kKI f _aS�R5D�FByM_aSuR/IKYKI`c'F�R/@BS�HUF)c'IhL`S�V�_aSuR/YKV�jMFBAKTNIKA`DNYKVIKJML/DNJUYKViHUF)c'IhL`V5q©ViZEFM_aFM_roKS�ZhDNAKTNS�yBIKTNI�FBZKAKSUYKVETNS�L`IKkKSXcíY`DNYKIh� SBm���jMYKFB@BYKI
ZEFBA`DNZ�_aS�IKJUyBFBAxc-DNO�S�FXR�R/@BS�ZhDNAKTNS�Y`D�@BA)ChVzHUF)c'IhL/DKq�jMZKIER5DNO�S�TNS1ZhDNAKTNS1jUD
HUF)c'IhL`S�PQbKI`c'SWjMS FBTNZKAKIK@)D�Y`DNAKSuR/Y`D�ZhDNAKTlD�Y`D�I`jMTNFM_�HUF)c'IhL`I/^�I�O�SUYKF�gKAKSUy)DNkKIhe
@)DNO�S�L`IKkKSXciY`DNYKIh� S�Y`D IKJML/DNJUYKV�HUF)c'IhL`V5m/��jMYKFB@BYKI�ZEFBA`DNZ�jMS�gKFBY`DN@ f D jM@BSGR/FBZjMS�YKS�I`jMgKA`DNJUYKIW_aSuR/Y`D�FXR1VXL/DNJUYKIhC�HUF)c'IhL/DK�`TlDtR5D�jMS�R/AKVEHMDrVXL/DNJUY`D�HUF)c'IhL/DrgKAKSMe
y)DNkKVX_aS�L`IKkKSXcíY`DNYKIh� SsY`D�IKJML/DNJUYKViHUF)c'IhL`V5m�Ê�D�IKJU@BAKd DN@)DNO�S�jM@)DNZEFBH�FB@)DNZK@BFBH
ZEFBA`DNZhD�gKFBTNAKSUyBYKF�_aS�ZEFBY`jMTlDNYKTNYKF�@BAKSXc'SBq`_aSUAzjMS�VEgKFBAKSU|EVX_aV�jUDBc'F�R/@BS�ZhDNAKTNS�Y`D
@BA)ChVWHUF)c'IhL/DKmE��FBd�TNFG_aS�yBAKFM_©F)jMYKFB@BYKIhCrZEFBA`DNZhD
ZEFM_aI�jMS�IKJU@BAKd DN@)Du_aVWY`Du_a@BIKd�S

n
q

@BAKSXc'S�IKJU@BAKd DN@)DNO�D�FByM_aSuR/IKO�DN@)DNO�D�_aS
Θ(n)

m
� DNAKSuR/YKI1g`jMSUVUR/FBZEFXR�AKSXDlL`IKJUVX_aSrHUFBAKO�VsIER/Sa_aV5q6VEJ�R/FBgKVEY`jMZKI1TNAKIKZ�ZEFM_aI1F)c'FNe

HUVEoKVX_aS�R5D�jMS�IKJUyBSUHUYKS�gKFBTNAKSUy)D�R5DrjMS
V�jM@)DNZEF)cwF)jMYKFB@BYKF)cwZEFBA`DNZKV�gKAKFB@BSUA`DN@)D�R5D
L`I
_aS�_aSuR/Y`D�FXR�HUF)c'IhL/D
I`jMgKA`Dl�rO�SUY`DKm � R/Sa_�D>_aSGR5D jMS�Y`D�R/YKF FByBSGHUF)c'IhL`S�ZhDNA`DNTlDjMTlDN@BIr�N�'�h£8���8£8�8ª�qEZhDNAKTlD�ZEFM_�D
jUDtR/Ah�rI�jMgKSUkKIl_�DlL`YKVW@BAKSuR/YKF)jMTKq)ZEFM_aV ZEFBAKI`jMTNI`c'F
R5D�yBI`jUc'F
VEgKAKF)jMTNIhL`IrZEFXR8mh�G@lR/S�ZhDNF�@BAKSuR/YKF)jMT�HUA`DNYKIKbKYKIKZhD�ZEFBAKI`jMTNI`c'F

∞
q)TlDNZEF

R5DWZhDtR�_aS
TlDrZhDNAKTlDWY`DW@BA)ChV�HUF)c'IhL`SBq`FBY`DrYKIKZhDtRsYKS�c'FN� S
yBIKTNIsc-DNO�DrFXR�R/AKVEHUS
ZhDNAKTNSBq+jMSXcíDNZEF�jMS�I�Y`D�@BA)ChV�R/AKVEHUS�HUF)c'IhL`S�Y`DlL/DNJUI�TlD1@BAKSuR/YKF)jMTKm+~>L`I�ZhDtR5D
jMS�TNF�R/SXjMI6q'jM@BS�F)jMTlDlL`SrZhDNAKTNS�jMSXc"HUA`DNYKIKbKYKIKZhDsjMV1@BSUo�gKAKSUy)DNbKSUYKSrY`D�IKJML/DNJUYKV
HUF)c'IhL`V5m8��FBd�TNFsc'IwVEY`DNgKAKSuRiJUY`DBc'F�R5D�Y`D�IKJML/DNJUYKV1HUF)c'IhL`V1TNAKSUy)D�gKAKSUy)DNkKIKTNI
TlDNbKYKF

r − p + 1
ZhDNA`DNTlDKq6JXDtV)jMTlDN@ f DBc'FsjMS�V�TNAKSUYKVETNZKV�ZhDtRiIKJU@BAKd�I`c'FsTNFNL`IKZEFF)jMYKFB@BYKIhC�ZEFBA`DNZhDKm

\ Æ



OBJEDINJAV ANJE(A, p, q, r)\
n1 ← q − p + 1Æ
n2 ← r − qÑ ZKAKSUIKA`DNTNI�YKIKJUFB@BS

L[1..n1 + 1]
I

D[1..n2 + 1]Ù
for i← 1 to n1 doÚ

L[i]← A[p + i− 1]Û
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